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1 Introduction

We present a model of inter-bank market where heterogeneous banks trade risky asset.
Unlike most models in the banking literature, we assume that banks are risk-averse. Another
key feature of the model is that limited liability induces relatively more efficient banks to
endogenously borrow and take additional risk in the inter-bank market. We prove some

preliminary results and discuss other aspects of the model to be investigated.

2 Model

There is a continuum of banks. We assume that all banks have a mean-variance preference
E [r] — 3Var[r] over their profit m, where v > 0 is a risk-aversion parameter. There are
three stages, ex ante, interim and ex post. Banks act at the ex ante stage and the ex post

stage. At the ex ante stage, all banks are homogenous. They start with the same amount
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of safe asset A > 0 with return Ry. They choose (identical) investment V' with a stochastic
return R per unit (e.g. lending) and a safe asset position W = A — V' with a return Ry
per unit (e.g. short-term government debt). At the interim stage, each bank independently
draws a high success probability py of the risky asset with probability A € (0,1), or a low
success probability py, < py with probability 1 — . By the law of large numbers, a measure A
of banks have a high success probability. For type i € {L, H} banks, R = R with probability
p; and R =0 with probability 1 — p;. Banks with py are called H-banks and banks with pj,
are called L-banks. Let w; = p; (1 —p;) for i € {H, L}.

Assumption 1 % <pr<pm <l

Assumption 1 implies 0 < wy < wy, < }l, which means that H-banks face a higher mean
return £ [é] = pg R as well as a lower variance of return Var [é} = wyR?. Therefore, type
H is a better type. This heterogeneity leads to ex post trading of risky loan between L-banks
and H-banks.

At the ex post stage, banks can trade a unit of risky asset with ) units of safe asset. @
will be determined in a market-clearing equilibrium. When choosing V' at the ex ante stage,
banks rationally anticipate what will happen at the interim and the ex post stage.

In Section 3, we study banks’ ex post trading problem for a given price (). We explain how
problem changes depending on whether H-banks borrow or not. In Section 4, we define two
types of market-clearing equilibria, and explain how they might coexist (i.e., equilibrium
multiplicity). We also explain banks’ ex ante investment problem. In Section 5, we list

remaining tasks to be done.

3 Ex post trading

At the ex post stage, banks take V' < A as given, and trade the risky asset to change their
position from V to k+ V. Positive k£ > 0 corresponds to a purchase, while £ < 0 corresponds

to a sales. We assume that banks can borrow a safe asset at rate B > Ry up to the amount



that can be used for the purchase of risky asset, i.e., Qk > 0. Banks’ risk profile changes
depending on their choice of borrowing. We first consider a case where banks do not borrow.

In the later subsection we study how borrowing changes banks’ behavior.

3.1 Optimal trading without borrowing

We first consider a case where the purchase of risky asset is within the initial safe asset
position, i.e., Qk < A — V. A profit for type i banks is
R(V+k)+(A—V —Qk)Ry with probability p;

i (k) =
(A—V —Qk) Ry with probability 1 — p;.

A+(Q-1)V

G , banks can secure the

By limiting the ex post risky asset position up to % +V =
minimum profit of (A —V — Qk) Ry > 0 independent of their types. Therefore, we define
non-risky profit by

™ (k;Q) = (A -V — QFk) Ry.

For k < AfTV, 7N (k; Q) is non-negative and decreases in k. Using V% (k; Q) = {A+ (Q — 1)V} Ry—

(V + k) QRy, a mean and variance of 7; (k) is

Ei[mi (k)] = piR(V+k)+ 7" (k; Q)
= (pR—QRo)(V+k)+{A+(Q—-1)V} Ry,

Vilm (k)] = wiR*(V +k)°.
The associated payoff is

Ui (k5 Q) = (PR — QRo) (V + k) = 2w B (V + b +{A+ (Q =)V} Ro. (1)



Taking a price @) given, banks choose k to maximize (1). Ignoring a term independent of
k, and noting that a risky asset position V + k cannot be negative (i.e., a short-selling

constraint), banks solve

max {(le QRy) (V + k) — %wiRz (V+ k)z}

A—
subject to —V <k < V.

For trading to occur, chosen £ must be positive for some banks and negative for other banks.
Given Assumption 1, the short-selling constraint —V < k is relevant only for L-banks while
the borrowing constraint k < 4 Q is relevant only for H-banks. Therefore, a solution to this

problem is the following optimal order &k} (Q) for i € {L, H}:

pL— Q%

pa — Q% A— V} 2)
vRwr

-V, —V} and kj; (@) = min { -V,

k7 (Q) = max { ~Rom 0

For any given @), we denote by U (Q) = U; (kF (Q) ; Q) the payoff for type i banks submitting

(2). When the order (2) is unconstrained (i.e., k& (Q) = Uk Ve [O A_—Vb
)y g ~vRuw; ' T Q )

(3)

) - pi— Q. B 1 p (pR—QRo\’
Ui(@)_Ui<TF,Q>—{A+( —1)V}R0+271_p1( R )

When L-banks are constrained (i.e., p;, — Q% < 0),

Up(Q)=UL(-V;Q) =7 (-V;Q) ={A+ (Q — 1)V} Ry.

_oko
When H-banks are constrained (i.e., szfHR > AE)V +V),

2
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In sum, the payoff after trading without borrowing is

(

A+(Q-1)V}IR fo < py, and
r@-1 }R ;R , forie{L, H) if QRQROPL
1 i i R— PH-W§®H A-V
+ﬂlf_pl (P piR 0) »waHR S 0 +V7
U (Q) =49 {A+(Q-1)V}R, fori =L if Q& > py,

{A+@-nVvyrgt

e [{a+ Q-1 vest]

L pH

R,
fori—=H if PE9R < AV |y
YRwyg Q ’

(4)

3.2 Optimal trading with borrowing

Next, we consider a case where banks borrow at rate B > Ry to fund the purchase of
risky asset. We assume that banks can borrow at most QQk, and consider two cases. First,
QFk € (0, A — V] such that borrowing is not necessary. We will show below that borrowing
may occur even in this case because of limited liability. Second, Qk > A — V such that

borrowing is absolutely necessary to achieve a risky asset position k + V.

Borrow and buy Qk € (0,A—V]. Banks do not need to borrow to buy k €

(0, AfTV} units of risky asset, but they still can. Let X € [0, Qk] be the amount borrowed.

H-banks’ ex post safe asset position becomes A — V — (Qk — X). A profit for H-banks is

R (k _ A—V X) R(V+Ek)+ Ry {A-V —(Qk— X)} — BX with probability py
[Ro{A—V — (Qk — X)} — BX]" with probability 1 — py,

where [Ro{A -V — (Qk — X)} — BX]" is a positive part of Ry {A -V — (Qk — X)} —
BX. For the choice of X € [0,Qk], notice that if Ry{A—V — (Qk—X)} — BX =
Ry (A—-V —Qk) — (B — Ry) X is strictly positive, by reducing X, H-banks can increase

the mean of their profit without affecting its variance. Therefore, whenever possible, they



choose X such that [Rg{A -V — (Qk — X)} — BX]" = 0. That is,

(A-V-Qk)=X (k). (5)

For such a choice of X to be feasible, we need X (k) < Qk < k > Bo AV " For a given

B Q
ke [%%, AfTV], X (k) defined in (5) is the minimum amount of borrowing that makes

[Ro{A—V — (Qk — X)} — BX]" = 0. On the (k, X)-plane, two lines X = Qk and X =

X (k) have a unique intersection (k, X) = (%%, W). Hence,

{(k,X) X € [X (k), QK] k [&A_V A_VH

B Q  Q
forms a triangular region on the (k, X)-plane.

Denoting the success profit by
'y (B, X)=(R—RyQ)k— (B—Ro) X+ RyA+ (R— Ry)V,
H-banks’ problem can be written as

max {puTs (6, X) = Jeon (T (k, X))} (6)

subject to (k, X) € {(k,X) X € [X (k),Qk] .,k € {R‘)A_V A_VH.

B Q' Q
We observe two facts. First, given R > RyQ, I'; (k, X) is increasing in k and decreasing in

X. Second, (6) is maximized when I'y (k, X) = %1_1” and achieves

Pu -
— =U
2v1—pu "

which is independent of (Q,V, A, B, R, Ry). We define the “iso-payoff” line on the (k, X)-



plane by {(k: X) [Ty (k, X) = 11 } This is linear in (k, X):

1
vy 1-pu

X =

R — RyQ R 11 Ry (A—-V) P
k— — —y =2 = XIP (k).
B—R, B—Ro{le—pH v R v (k) (M)

Solutions to the problem (6) are characterized as a segment of the iso-payoff line (7) inside

the triangular area {(k X)X € [ X (k),QFk],k [%AT’ AT}} Importantly, both X (k)

and X{F (k) increase in A, but they have a unique intersection that does not depend on A:

11
g(k)zxfp(k:)@kzﬁl_m—Vzk;LB. (8)

For the remaining analysis, we proceed under a conjecture — L ROQ >Q>0& 2> B> R,

Q

This needs to be verified in any equilibrium. In particular, RBingf > ( implies that the

iso-payoff line (7) goes through the triangular area if and only if

()]

The lower bound A (Q) is a value of A that solves X (TV) = X[Ir <A’V> and is given by

+(1-Q)V =V + Qk"Z. (9)

The upper bound A <%?> solves X (FOA_V> = X[F (RO A_V> and is given by

—(BQY BQ1 1 _BQ BQ,,
A(RO)_RMRl_pH+(1 RO)V v g (10)

Given B > Ry, A(Q) < 4 (%Q) holds if and only if k2 > 0. Also,

— ( BQ BQ 5
A<A(R)<:>A V<Rk: .

0 0



Therefore, for any given A —V > 0, A < A <%§> implies kL% > 0 and hence A (Q) <
— (BQ
A(52).

Because solutions to (6) are not unique for A € <Z Q),A (%?)), we assume that if
there are multiple combinations of (k, X) that achieve the same payoff U i, H-banks choose

the one with minimum borrowing. This yields a unique solution (k", X%5), where k%7 is

given in (8) and

RO i _ LB\ __ RO
—B—RO(A V — Qk"P)

LB _ LB\ _ _
X4 =X ()

(A-A(Q)). (11)

The super script LB stands for “leveraged buy”. All in all, borrowing X *8 ¢ [O, % (A— V)}

%%, %] given in (8) achieves the payoff Uy if and only

if Ae [ﬁ (Q),A (%)} . Note that this nests a boundary “no borrowing” case (k“5, X*8) =

(A%QV,O> for A=A(Q).

given in (11) and buying kP € [

Borrow and buy Qk > A—V. In this case, H-banks need to borrow at least
Qk —(A=V) =X (k) € (0,QF). (12)

With limited liability, the failure of risky investment means zero profit for any k£ > AfTV. By

borrowing X € [X (k) ,Qk], a profit for H-banks is

~ A=V R(V + k) — BX with probability py
(k > , X )
0 with probability 1 — pgy.

Proceeding similarly as before, we denote the success profit by I's (k, X) = R(V + k) — BX.

H-banks’ problem can now be written as

max {pHFz (k, X) — %WH (Ty (K, X))2} (13)



subject to k > v and X > X (k).

11
v 1l-py

An iso-payoff line {(k, X) Ty (k, X) = } can be written as

X:Ek—E<L ! —V):%(k—k:LB)EX{P(k), (14)

where k-# was defined in (8). Because £ > @, solutions to the problem (13) are characterized
as a line segment of (14) that is above X (k) on the (k, X)-plane. Note that X (k) decreases

in A while XJ” (k) is independent of A. Also, Xi¥ (k) = 0. Therefore, solutions to the

k}LB

problem (13) are greater than whenever they exist. Because H-banks choose to minimize

borrowing when multiple (k, X') can achieve the payoff U = 2% 151;11’ the unique solution is

given by the intersection of X (k) and X377 (k), which is

LB _ _ L 1 _IBA+(R—B)V
¥5 () = BF R_BC;,; V) _ 3T {R_;; Wi (15)
XU (Q) = X (7 Q) = 3~ g5 {A(@ - 4}. (16)

Comparing kL8 with kB (Q), k*B > kP (Q) & (R— QB)k"? > RK*B — B(A-V) &
QkMP < A — V. Therefore, kP must be positive for kX2 (Q) to be positive. Given R > QB

and kB > 0, it is straightforward to show the following relationship:

AV

AV kB < kLB (Q) & A<AQ),
A—
5w ©

Q
kLB (Q) < kPP < A(Q) < A.

Allin all, borrowing X ¥ (Q) given in (16) and buying k"7 (Q) > £5% given in (15) achieves
the payoff Uy if and only if A € [V,Z (Q))

Summary. With limited liability, H-banks can achieve the payoff U = % lf’;H by




submitting kP € [RO AL A’V] or kB (Q) > A=Y under the following conditions:

B0 a 3
R _ /B
Ac€ [Z(Q),Z REQH = kLB ¢ [%Aév,/‘g)v], (18)
0
AcVAQ) = KP(Q) > AC;V (19)

In addition to (17), if Uy = L-PE > U7 (Q), then leveraged buy (k“5, XF8) or (kX5 (Q), X1 (Q))

v 1l-pg —

is indeed optimal for H-banks.

4 Ex ante investment

Before turning to the analysis of ex ante decision making, we point out that there are two

types of market-clearing equilibria at the ex post trading stage.

Definition 1 (market-clearing equilibrium)

Q*-equilibrium is a market-clearing equilibrium where H-banks submit k3, (Q) and Q*
clears the market, i.e., \k3; (Q) + (1 — ) k} (Q*) = 0.

QLB -equilibrium is a market-clearing equilibrium where H-banks submit kB or kP (Q)
and Q8 clears the market, i.e., \k“B+(1 — \) k} (QLP) = 0 or AkXB (Q)+(1 — N) kj (QFF) =
0.

First, consider Q*-equilibrium. If (17) holds at ) = Q*, then achieving the payoff Usr by

submitting kP or kL'P (Q*) is feasible. In this case, the Q*-equilibrium must satisfy

i PH
2yl —pu

Ui (Q*) > Uy (20)

If (17) does not hold at @ = Q*, then (20) is not necessary for the Q*-equilibrium.

10



Second, consider Q*B-equilibrium. Because submitting k3, (QLB ) is always individually
feasible, it must satisfy (17) at Q = Q*%, and
- 1 pu

"= 291 —py

> Ui (@) (21)
From (20) and (21), two types of equilibria may coexist if and only if
Un € [U (QFF) U5 (Q)] # .

It follows that whenever the two equilibria coexist, H-banks prefer Q*-equilibrium to Q*5-
equilibrium.

At the ex ante stage, banks are identical. Therefore, they solve the following problem.
In a Q*-equilibrium,

max {AU; (Q")+ (1 —N)U; (Q")}

Velo,A]

s.t. (20) if (17) holds at Q*.

In a Q*P-equilibrium,

s, U0+ 0=V (@)]

s.t. (17) at Q*F and (21).

We assume that when two types of equilibria coexist (i.e., for a set of values of V' for which
both problems above are well-defined), banks choose the one with the higher ex ante payoff.
Because at the ex post stage H-banks always prefer a Q*-equilibrium to a Q*-equilibrium
for the same V', a sufficient condition for a Q*-equilibrium to be chosen ex ante is that

Ur (Q*) > U; (QP) for the same V.

11



5 Characterizing (Q*-equilibrium

In this section, we focus on a Q*-equilibrium. A market-clearing price Q* solves the market-

clearing condition

Ak (Q) + (1 = A) kL (Q) =0, (22)

where £} (Q) and kj; (Q) are given in (2). Depending on whether £} (@) is constrained or

not for i € {L, H}, there are four potential cases to consider:

Buy orders
R—QR -
o)
Sell | (1) (220 ) Qieab | Qj-eab
orders —(1=-NV Q3-eqb Q3-eqb

For example, all banks submit unconstrained orders in ()7-equilibrium, while all banks submit

constrained orders in ()}-equilibrium.

Definition 2 (robust @Q*-equilibrium) Q5. -equilibrium is robust if either:
(Type I robustness) (17) does not hold, or
(Type II robustness) (17) and Uj; (Q5) > Uy hold.

In Definition 2, Type I robustness is the case where U [ is not achievable at )}, while
Type II robustness is the case where U m is achievable but no greater than Uj; (Q5).

First, we ignore the robustness and derive a market-clearing price ();. We characterize
conditions in terms of (V, A, R) under which each case arises (Lemmas 1 through 4). We

define the following variables:

Ao1-N0"1 Ao
Q=9 = 0,1 * = 1 —
{WH+ wr, } Y )\wL+(1—)\)wH€(’ ), P"=wpn +( w) pr,
0 P —PL
V=2 " 923
’YRLL}H ( )

12



Note that € is a harmonic mean of {wg,wr}. Also, 2 and w satisfy ¢ = ﬁ and 1_7‘“ = %

Lemma 1 Equilibrium with Q7 = R% (p* —yQRV) arises for (V, A, R) such that

V> V and
pr — Q'R .
ﬁch +V(1-Q)) <A (24)

. " p-Q52 pL—Q%
Proof.  The market-clearing condition (22) becomes A= 7= i (1—-2X) LwaLR =V.

Solving this for () yields the expression of ). For sellers not to be constrained, we need

prR > Q7 Ry, which is equivalent to V' > V. For buyers not to be constrained, we need

% V< AQ*V, which is equivalent to (24). |
Lemma 2 Equilibrium with Q% = (pH — YWy R/\V) arises for (V, A, R) such that
V <V and .
B gy v (1- Q3 < 4 29
Proof. The market-clearing condition (22) becomes A2 P;];f:?o = V. Solving this for

@ yields the expression of Q5. For sellers to be constrained, we need p;, R < (05 Ry, which is

equivalent to V' < V. For buyers not to be constrained, we need % V< AQ

is equivalent to (25). [

R,
Lemma 3 Equilibrium with Q3% € (0, pé—f), a unique solution to )\AfTV—i—(l — ) (%&iﬁ) =

(1 = X))V, arises for (V, A, R) such that

. 1—-ApLR PH—Q*RO
A —_— Y+ 1|V, | —= -V s+ V.
<m1n{< X R0+) ,( ~Ron Q3+

pLR

£ The market-clearing

Proof. For sellers not to be constrained, we need Q3 <

yRw

R
condition (22) becomes Aﬂ+(1 —A) (M) = (1 — A\) V. The left hand side is decreas-
ing in @, and it increases without bound as @) — 0, while it decreases to A (A — V) % as
Q — pﬁ—f. Therefore, A (A — V) 15_3% < (1 = A)V is necessary and sufficient for the existence

of the unique solution Q% € (0, p]gf ) This condition is equivalent to A < (1 AL ﬁf + 1) V.

13



_oxFo
For buyers to be constrained, we need b9y o AV

~Rw Qo which is equivalent to A <
(PH—Q*RO >

YRwy

Lemma 4 Equilibrium with Q} = %A_—V arises for (V, A, R) such that V < 1%

i%
and
1—ApLR 1-2R RV
—— 11| V<A _— — — 1:V.
(S )V ea< (50 ey ) 1)

Proof. The market-clearing condition (22) becomes )\% = (1 —\) V. Solving this
for @) yields the expression of Q);. For sellers to be constrained, we need pp R < Q} Ry, which
is equivalent to (%17}%—(? + 1) V < A. For buyers to be constrained, we need I%%% -V >
fg_zv’ which is equivalent to A < {%R% (pH — fywH%) + 1} V. For any V > 0, the

specified range for A is nonempty if and only if V' < V. |

To characterize the robustness condition, recall from (4) that the payoff of H-banks in

Q;-equilibrium, k € {1,2}, is

I pm (PHR - QZRO)2
U; N={A+(Q; —1)VIRy+ — .
(@) = {A+ QL= )V} Ro+ 5o (P

Then U} (Q7) > Uy for k € {1,2} is

pall — QZR0>2 S 1 pu

1 pu (
A+ (Qt—1)V}Ry+ — —
{ ng ) } 0 pr% = 27]»—‘pH

2v1—puy
which is equivalent to

1 Ro
p T 29k R *
= 1— <A 1,2}. 2

The left hand side of (26) is independent of A for k € {1,2}.

Proposition 1

14



(a) The condition (26) implies (24) for k=1 and (25) for k = 2.
(b) U, (Q1) < Uy for k € {3,4}.

Proof.

(a) For Q; > 0, the left-hand side of (26) is greater than the left-hand side of (24) and
that of (25).

(b) From (4), the payoff of H-banks submitting % is

UH(AQV,Q)—{{AH —1>v}pHR] ;%[{AH —1>v}pgR]

This takes the maximum value z--2Z- when prTR {A+(Q-1)V} =

pH . Otherwise,
2y 1-pu

1p
3T

UH<AfTV;Q)< ! mRIAL(Q-1)V} =1 o RA-V)= <71p —RV)
it suffices to show that R (A — V') # Q5 (% lpr — RV) for k € {3,4}.

For @3, recall from Lemma 3 that R (A — V) < min {EMRV, (Mf;’gw—% — RV) Q;}
Because (% RV) Q35 < <7 e RV) Q3. it follows R (A — V) < Q3 (7 e RV)

For Qj, use Q; = 5242Y to rewrite R(A—V) = Q; ( e RV) to RV = 71 o
This cannot be satisfied because, from Lemma 4, RV < —=— ( pr) = 2L BEPL <

v1l-pu pu

A_1 [}
v 1-pH

By Proposition 1, the condition U}, (QF) > Uy (i.e., Type II robustness) needs to be
checked only for k € {1,2}. For k € {3,4}, Q;-equilibrium characterized in Lemma 3 or 4
is robust if and only if (17) does not hold (i.e., Type I-robustness is the only possibility).

To characterize Type II robust Q}- and Q)3-equilibrium, we define the following functions
and variables.

Gi(V)=a V> + bV + ¢y, where

Gy (V) = aV? 4+ bV + ¢, where

15



vaHRQ)\—l R ( Ro) c :ii PH

a2:§g A 2\ ZE_E br =g T Ro2v1—py

Note that Rgco = %1 ;’ (7

Lemma 5 (G, and G3)

(a) The condition (26) is equivalent to Gy (V) < A. Also, Gy (?) =Gy (?)

(b) by < by and 0 < ¢; < co.

(c)ag<0<ay & Ne (%%,%)

(d) For A\ < %, G1 (V) is increasing in V' > 0 if and only if —217711 <0.
Otherwise, Gy (V') takes the minimum value at V = —21’711 > 0.

(e) For A > ;“;LL 2:’; Go (V) is decreasing in V > 0 for any given R > 1%3 while

it takes the maximum value at V = —2%22 > 0 for any given R < %

Proof.

(a) Substituting the expression of )} into the left-hand side of (26) yields G (V') < A.
From Lemmas 1 and 2, Q] ( ) Q3 ( ) = pLR , which implies Gy (V) = Gs (?)

(b) First, %pH—l—(l — u%) p* ZpH+<% - 1) (pgr — p*). Then 2 il el vepw cums s
<1, Z—;) implies that b, = bQ—R% (% — 1) (pw — p*) < be. Second, ¢; = 02— (2 — —) >0,
where % (2 — 5—*> < 1 with the equality holding if and only 1f E =1 )=1.

(c) First, a2<0<:>)\<—1sobV10us Second, 0<a1<:>Q<2wH<:> 1 w1 < 2wy &

“’H “L

1<2A+2(1_A)ﬂ@1_2w_11<2A(1_LU_H>@1% 2om _
wrL wr wr,

2 wr—wg

(d,e) This follows from the property of quadratic equations G; and Gos. |

Given Lemma 5, we define the following variables:

by _pH+(——1)(pH—p*)—%

V,=——
=T 2 YRQ (2 - %) ’
Vo= _ b N opn -
T 2,  1-2X\ yRwy '
_ bi
A =G (V)= ' Jar



Importantly, as < 0 < a; implies
V,=arg m‘}nGl V), A= mvinGl V), Vy = arg m‘?XGQ (V).

Recall that Q3j-equilibrium requires V' > V while Q5-equilibrium requires V' < V. Because
17, V,, and V; all depend on R, we need to consider various threshold values of R to consider
the ex ante optimal choice of V.

We denote the ex ante optimal choice of V' by V*. For k € {1,2}, let V' be the ex ante

optimal choice of V' in Qj-equilibrium that ignores the condition (26).

Definition 3 Qi -equilibrium, k € {1,2}, is unconstrained if the constraint (26) is
not binding, i.e., V* = V¥ and A > Gy (V). It is constrained if the constraint (26) is

binding, i.e., Gy (Vi¥) > A > Gy (V7).
We first characterize an unconstrained equilibrium.

Proposition 2 (unconstrained equilibrium)

An unconstrained Q5 -equilibrium, k € {1,2}, with positive V* is robust if A > A* =

1 Rg «_ Rg ~
PH—5 R R, : bt 1 S =
— R and R > oyt In particular, Q7F-equilibrium with Vi* = o 2 V oand Q7 =1

R ~
prevails for R > %, while Q5-equilibrium with V5 = )\pf};—wfo € <0, V) and Q5 =1 prevails

for R € (ﬁ @).

pH’ PL

]

1Ry
——2L  Hence it

Proof. With Qf = 1, the constraint (26) becomes A > A* =~ : RwHO

suffices to show that choosing V' that makes Q; = 1 is ex ante optimal for & € {1,2}.

For )j-equilibrium, the ex ante objective is

Ul = Mgy (@Q)+(1-NUL(Q))

o\ 2

1 A EH pa R—Q7 Ro

= {A+ (@ -V V}Ro+ 5 i (5t >* 2
Y + (1= \) 2L <PLR—Q130>

1-pL pLR

17



* CR_* 2
To take the derivative of U] with respect to V', note that % = VR 20 and (sz%&)) =

QVQPiR;Cé)TRO for i € {H, L}. Therefore,

pg PHR—Q7Ro

- {Q“{ ~1-2% v} Ro+ 9 S
pLihv— 0
’ +(1 =) % vy :
= (@1 —1) R+ {Af’H—QlOHl_Mf’L—QlO_WzV
Wy wr,
The last equality holds from the market-clearing condition. Because % < 0, there is a

Ro
RQ , which is positive for any

unique optimal V' that solves Qf (V) = 1. This yields V}* =
R> o> I
p* pH’

The reasoning for Q3-equilibrium is similar. From (4), the payoff for sellersis {A + (Q5 — 1) V'} Ry.

The ex ante objective is

Uy = MNp(Q3)+ (1 -N{A+(Q5-1)V} Ry
. 2
= {A+(Q;—1) VIR + A pm (pHR—QzRo) .

2v1 —pu puR
2 —0O* 2
To take the derivative of U with respect to V', note that 6Q2 = —%“’TH < 0and % (%) =
ek L (pp R — Q3 Ro). Therefore,
oU; YR*wy
= —1————V R R—Q5R
B\ {Qg Ro A o+ (puR — Q3Ro)
w
= (@~ Ro+puR— QR — R
= (Q3—1)Ro.
The last equality holds from the market-clearing condition. Because % < 0, there is a

R,
unique optimal V' that solves Q3 (V') = 1. This yields V5 = /\pr_w fo, which is positive for

Ro
any R > —

18



Finally, it is straightforward to show that V" < V5 < VeR< % and V" > V5 >
VeR>Hh m
L
_1Eg
From the proof of Proposition 2, G; (V") = G2 (V5) = p‘:RiHRO = A". Because A"

is maximized at R = f—; with the maximum value ¢y, A* is decreasing in R for R > 1%3.

Also, A" = G5 (V') and A, = G <1A/> intersect at R = f—f & Vi = V. Because G (V)
is decreasing in V for any R > &, Rs ] @ S Vs Ve A > A,. Also, because Vy =

R
N PHZ R

o e T T 2)\VQ, V, and V5 have opposite signs and !Vg} < V5| for A < s. With

these properties, we characterize the relationship between V and V., V. It is convenient to
define the following two variables.
_ 1—2A

~ w
pEpH_(l‘i‘W_X)(pH_pL) and p=py+ ) (pr —pL) -

Lemma 6 (V and V,, V5)

(a) 2V, e R

(b)p>p = A<i.

(c)psppe A2 inLL lwwi

(d) G venA<%andR<p—Ig,c2>A2<:>2VQ<XA/(:>%<R.

~ +(2-1)(py—p*)—20 w
V<V, e\ < = (AfyRQ)(;)HWZ)) Lo R <t (§-1)0-w)(pr—p) -

(pr—pr)=pr+{(¢-1)(1-w) —w

—~
&
sEe  —

(2-
(6) From = g (1) (o — ) P 1 = {10~ (1 +w—2)} (pr —po) =

(% — 2) w (pg — pr)- Therefore, p > p* < A < 1.
2w —wpg 1

(c)1+w—§:%>0@>\>1‘% it

>\+“"L W ZWH

d) R < fo implies V, > 0. Therefore, ¢, = G5 (0) > A, = Gy Vy) & 2V, < V.
b

The last inequality can be written as % (& — pH) < pg — pr, which is equivalent to

J<p +12)‘(]0H pL) = P u

19



Given Lemma 6, we assume the following for .

Assumption 2 1l wp—wy =< A < =

20—

Assumption 2 states that H-banks are not the majority and they are not too different

from L-banks. Because %% > ;% Assumption 2 is sufficient for a; < 0 < a4
L—5WH

and p* < p < pg < p.t
Now we are ready to characterize the constrained Qj-equilibrium, k£ € {1,2}. For a
decreasing part of G}, (V), we define the inverse function G* (A). The relevant domain for

G (V)isV e [V,Kl] for R > % and that for G5 (V) is V > max {0,V5} for R < %o,

Proposition 3 (constrained equilibrium)
Assume \ € (éjf#’ 2) so that as < 0 < a; and p < pg < D.
2
(a) For R > V < V3 < Vi <V, holds. A constrained Q7-equilibrium with positive
V* is robust if A€ [Al,A*). It satisfies V* = G (A) € (Vi V)] and Q3 (V*) < 1.
(b) For %<R < f—f, max {0, V;'} < Vi <V <V, holds. A constrained Q5 -equilibrium,

k € {1,2}, with positive V* is robust if A € [A;, A"). It satisfies

Ve =Gyl (A) e (V 17] and Q5 (V*) <1 for A€ [A,, AY),
V=Gl (A) e (17 v, ) and QF (V*) <1 for A€ [A,,A,).

(c) For %<R < %, Vi <0< Vy <V, <V holds. A constrained Q3-equilibrium with
positive V* is robust if A € [A,, A*). It satisfies V* = Gy (A) € <V2 , } and Q3 (V*) <

(d) For %<R < 5—;, Vi< V3 <0<Vy<V<2Vyand V, <V holds. A constrained
Q3-equilibrium with positive V* is robust if A € [Ay,cp). It satisfies V* = Gy (A) €
<G2_1 (ca), ‘A/] and Q3 (V*) < 1. For A > ¢y, a robust constrained equilibrium exists but has
V*=0.

! Alternatively, assuming \ € (l“’L_Q“’H 1 wr—wy ) implies ag < 0 < ay and p* < py < p. Proposition

2 wp—wy ' 2 WL—5WH

3 needs only a minor adjustment.
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e) For R< B Vr < V<0< V < 2V5 holds. A robust constrained »-equilibrium,
p 1 2 k
k € {1,2}, with positive V* does not exist. For A > c3, a robust constrained equilibrium
exists but has V* = 0.
f) In any constrained Q;-equilibrium, k € {1,2}, with positive V*, V* decreases in A
Y k
and Qr (V*) < 1 increases in A.

(g) For case (a), Q5 (V*) > 0 and V* < A for all A € [A,A") if and only if R €

Ro Bo . For R > Ro a constrained Q7F-equilibrium with V* =
(pL ’ (1—w)(:§PH—PL)) - (1—w)<:TL{pH—pL) ’ Ql q

Gy (A) e (Vl*, 7’;2—*1%> and Q7 € (0,1) exists if and only if A € <G1 <71;2—*R) ,A*).
Proof.
(a)-(f) These follow from properties of 17, Vi Vs, Vi, Va, G (V), Gy (V), Q5 (V) and

Q5 (V).

(2) 7PT*R is a unique solution to Q7 (V') = 0 and also a smaller solution to V' = G, (V). It is

straightforward to show that fT*R <V,eR> Ry ) and that (1 — w) (:’—ZpH — pL> <

(1-w) (%PH -pL

pr, under Assumption 2. [ |

Lemma 7 (V* < A)

* * 1wy —2w
R R —1 *
(b) V, < A, for R € <g, (1_@@”_”)). Gill(A) < Ao A> G (fm) for
R > Fo .
~ (-w)(SLpr—pe)
(c) V<A2<:%<pH.
Proof.
x«_ R Rg

i) _12%o
(a) Vi SA e Bt <P o S (p' = ) <pr—5F e (5-2) B <pa—2p"

The right-hand side is positive because py — 2p* = (1 = N)pg—2 (1 —w)pr = (1 = A) py —

)\%p,; =(1-2X) (pH — Z_IZPL) The left-hand side is non-positive if and only if % <
A dwpt(I-Mwyg NYL=WH | WH oy ) > %7ﬁ _ lwr—2wy
w wr, wr, wr, — YL-YH 2 wr—wg

“L

(b) This follows from the proof of Proposition 3(g).
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~ ~ _PH
(C)V<A2<:>1<agv+62+%:1§;{2)\1(pH p)— (p —%)ﬂLﬁ;H_—f;’L}-ThiSiS

equivalent to (py — pL)2 < 2 ponl The left hand side is no greater than one. The right-hand

side is greater than one if % < pH. |

Lemma 7 implies that robust Qj-equilibrium with V*Q3 € (0,V*], k € {1,2}, con-
strained or not, satisfies V* < A under Assumption 1 and Assumption 2 .

R,

1
Lemma 8 Forany A > A* = Ul

Lu'

satisfies A(Q}) = le 1pH and A (RoQk) Ro 7R1 or (1 — R%) Vi such that A™ <
AQ)<A(Ea).

, an unconstrained Q%-equilibrium, k € {1,2},

Proof. Because Q; =1, A(Qk) = > A* trivially holds. Also, A REQ;;) =

’YRl —pH
J— 1 0
B 1.LB LB _ 1 B pa—3 72
Vi + g,k77, where k™7 = le i V:. Therefore, A* < A <R—0QZ> & Taas < Vi +
B LB o 1 _ B 1.LB Rg _ B\ LLB Ro B
ok 731 o Vi k< Ron (1 Ro) i ro - Because 1 — £+ <0,
it suffices to show kXF > 0.
* R0
_ LB _ 1 _1 _yx+_ 1 _1 PR Ry

For k =1, k" = Eipm Vi = Ripm Ty This is positive if ; >pt— 7.

: _ WHWL, _ (—pH)PHWL Q x _ Rg pHWL, + _ Ro
Using & = 850, = Nort(i-xwi’ Tpa ~ P TR < Xeort@-Nem P TR T

PH w w
pr— T ETEH L

PHG > AN wp —wh) +wy & S——— > A The left hand side is greater than one for
=R
R> fo > RO

— pL

Ry
LB _ 1 o — 1 yPH— R < . - pH
For k=2, k = SRipn V) = ‘YR Tom A ~Ron . This is positive because py——31 > A

pH’ PL

for R € <& &>.

Lemma 8 implies that the unconstrained Qj-equilibrium, & € {1,2}, with Q; =1 is in

fact Type I-robust for A > A (%) = %Rl_lpH + <R% - 1) kLB while it is Type II robust

for A € [A*,Z <R%>} Also, it is not robust for A < A* because borrowing X*? (Q;) and

submitting kP (Q;) would give a higher payoff Uy > U}, (Qx) for H-banks.
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6 Remaining tasks

So far, we have characterized Q%-equilibrium for k£ € {1,2}. We need to investigate whether
Q;-equilibrium for k € {3,4} can be Type I robust, and if so, under what conditions. Finally,

we need to characterize QEB-equilibrium for k € {1,2,3,4} as shown below:

Buy orders
/\k‘LB )\k’LB (Q)

Sell | (1— ) (M - v) QFB_eqb | QLB-eqb

ywr R?

orders —(1-\NV LB_egb | QEB-eqb

Note that “QiB-eqb” can not generally be a market-clearing equilibrium as no order is

price-contingent. For the other cases, a market-clearing condition is well defined.
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