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Abstract 

  The purpose of  this  paper  is  to  mathemat ical ly formulate  a  new 

measure,  the Cohort  Cumulat ive Social  Increase Ratio (CoCSIR),  

developed by Inoue (2002) ,  and to consider  i t s  mathemat ical  proper ties .  

The CoCSIR is  a  theoretical  measure to est imate the long-term influence 

of  the social  increase on an area, and shows what  proport ion of the native 

place populat ion of  the area conforms to the social  increase accumulated 

for  the long term.  

  This  paper  presents the basic  and practical  formulas  of  the measure.  

The discussion in this  paper suggests  the versat i l i ty and avai labi l i ty of  i t .  

For  example,  the measure can be calculated for  any s ize of  area,  and if  

using one of  the pract ical  formulas ,  requires  only census data  by age 

class  for  calculation.  Therefore the measure has  an advantage especial ly 

for  analyzing the populat ion of  developing countries  that  are not 

providing smal l  area sta t is t ics  and/or  exact  vi ta l  sta t ist ics .  
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1.  Introduction 

 

As is  wel l  known,  cohort  analysis  can clear ly explain long-term 

pat terns of  regional populat ion in many cases .  For  example,  the effect  of 

cohort  size  accounts to  some extent  for  the so-cal led migration 

turnaround observed in major developed countr ies  ( Ishikawa 2001). 

Kawabe (1985)  presented an idea to accumulate  net  migrat ion rates  af ter 

age 10-14 by cohort 1 ,  and attempted to explain such long-term pat terns  

in  Japan.  By improving the idea,  Inoue (2002)  developed a  new measure,  

which was referred to as  Cohort  Cumulative Social  Increase Ratio 2 ,  and 

at tempted to consider the internal  migrat ion between metropol i tan and 

nonmetropol i tan areas  in  Japan.  With regard to the measure,  Shimizu  

(2006,  2009) examined i ts  availabi l i ty by appl ied i t  to  populat ion data of 

Japan by Prefecture  or  municipali ty.  However,  there  is  no study that  

suff ic ient ly considers  mathemat ical  formulat ion of  the measure. 

Thus the purpose of  this paper  is  to mathemat ically formulate the 

Cohort  Cumulat ive Social  Increase Ratio (Hereinafter  referred to as  the 

CoCSIR) and to consider  i ts  mathemat ical  propert ies .  On such 

considerat ion,  we need to realize that  the social  increase is  quite  the 

same as  the amount  of net  migrat ion. 

                                            
1  Regret tably values  calculated using the idea have an undesirable 

property that  the influence of  net  migrat ion rates  is  overestimated in the 

case of  smal l  denominators  of  these rates .  

2  At  f irst ,  i t  had been referred to as  Cohort  Cumulat ive Net  Migrat ion 

Rat io. 
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  As ment ioned la ter,  the largest  advantage of  the CoCSIR is  that  al l  

required for  calculation is  census data  by age class 3 .  It  a lso is  an 

advantage that  the CoCSIR can be calculated for  any s ize of  area (e .g.  

country,  region,  Prefecture ,  Province,  State ,  municipal i ty and other 

smal ler  areas) .  Hence the CoCSIR can be appl ied also for developing 

countries  that  are  not providing smal l  area s ta t ist ics  and/or  exact  vi tal  

s ta t ist ics  (mortal i ty s ta t ist ics  as  wel l  as  migration sta t ist ics) .  

  Fi rst ,  this  paper  derives  the basic  mathemat ical  formula of the CoCSIR 

and considers  i t s  mathemat ical  propert ies  in  Chapter  2,  secondly,  shows 

pract ical  mathemat ical  formulas  of  the CoCSIR in Chapter  3 by 

comparing four  methods of  calculat ing the social  increase,  and f inal ly 

presents  conclusion in Chapter  4.  

                                            
3  This  paper assumes that  we can obtain population data  by 5-year  age 

class  every 5 years from census.  If  census is  conducted every 10 years ,  

we need to es timate  intercensal  population.  This  advantage is  confined to 

one of  the practical  formulas  ment ioned later.  
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2.  Basic  Formula and Mathematical  Propert ies  of  the CoCSIR 

 

  This  chapter  der ives  the basic  mathemat ical  formula of  the CoCSIR 

from i ts  def init ion in Section 1,  and considers  i t s  mathemat ical  

propert ies  in  Section 2.  

 

2-1.  Basic  Mathematical  Formula  

It  i s  obvious that  the s ize  of  a  cohort  in  a  cer tain area changes chiefly 

owing to the social  increase,  that  i s ,  migrat ion f rom/to the area unt i l  the 

cohort  reaches i t s  old age.  Al though the s ize  changes largely due to 

ancil lary migrat ion before age 10-14,  i t  becomes most  s table  when the 

cohort  reaches age 10-14,  and thereafter  changes basically due to 

voluntary migrat ion.  Therefore,  i t  i s  much s ignif icant  to  consider  such 

change of  the cohort  size  f rom the viewpoint  of  the social  increase using 

the size  at  age 10-14  as  a cri ter ion.  Thus the CoCSIR is  defined for a 

cohort  in a  certa in area and obtained by dividing the cumulative social  

increase of  the cohort  af ter  age 10-14 by the  s ize  at  age 10-14.  

The cohort  size  rapidly changes especially when changing from age 

10-14 to age 15-19,  s ince many members  of  the cohort  leave their  homes  

at  that  t ime.  For  this  reason,  most  members  of  the cohort  ought  to  

recognize the area where they l ived at  age 10-14 as  thei r  native place. 

Thus this paper  defines  a member  who l ived in a cer tain area at  age 10-14  

as  a  “nat ive” of the area 4 ,  and refers  the number  of  the nat ives  as  the 

“native place population” of  the area. If  using this  word,  the CoCSIR can 

                                            
4 Please note  that  the nat ives  di ffer  from the members  born in the area. 
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be expressed also as a  ra t io  of  the cumulative social  increase to the 

nat ive place populat ion.  

  As a  resul t ,  the mathemat ical  basic  formula of  the CoCSIR is  der ived 

f rom the above definit ion as  follows: le t  CoCSIR of  area i ,  of  cohort  of 

bi r th year  b  to  b+4,  and at  age a  to  a+4 be iCoCSIRb , b + 4(a ,  a+4), 

 

 

 

Here i s b , b + 4(5k ,  5k+4) is  the social  increase of  area i ,  of  cohort  of bi rth 

year  b  to  b+4,  and between age 5k−5 to 5k−1 and age 5k  to 5k+4; 

ipb , b + 4(10,  14) is  the populat ion of area i ,  of  cohort  of bir th year  b  to  b+4, 

and at  age 10 to 14.  As ment ioned above,  the size  of  area i  in  equat ion 

(1)  is  optional ,  namely,  the CoCSIR can be calculated for any s ize of 

area. 

  We should note  that  neither the numerator nor  the denominator  of  the 

CoCSIR means the actual  population surviving at  age a  to a+4.  This  is  

because both the population of  the numerator  and the denominator 

decrease 5  by death by age a  to  a+4.  The CoCSIR is  a  theoret ical  

measure to es timate the long-term inf luence of  the social  increase on a  

                                            
5  The decrease rate of  the denominator  is  s l ight ly higher  than that  of  the 

numerator,  because the populat ion of  the denominator  is  exposed to 

death r isk for  longer  duration than that  of the numerator.  The two rates ,  

however,  are  a lmost  the same unt i l  old age.  Therefore,  the CoCSIR is  

a lmost  equivalent  to  the rat io  of  the two actual  population surviving at  

age a  to  a+4 if  a  is  smal l .  
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cer tain area,  and shows what  proportion of  the native place populat ion of 

the area conforms to the social  increase accumulated for  the long term. 

 

2-2.  Mathematical  Propert ies  

In  order  to  consider mathemat ical  proper t ies  of  the CoCSIR, we 

int roduce the fol lowing four  condi t ions by extremely s impl i fying 

rural -to-urban migrat ion patterns  typical  in  developed countries . 

1)  The whole area is  divided into two areas:  an urban area ( i=1) and a 

rural  area ( i=2). 

2)  Al l  the natives  of  area 1 move only within the area. 

3)  A par t  of  the natives  of  area 2 move into area 1 f rom age 10-14 unt i l  

age 20-24,  and thereaf ter  part ly return to area 1 gradual ly unti l  old 

age.  

4)  The mortali ty level  i s  ignorable  compared to that  of  mobi l i ty in  the 

two areas .  

Since the sum of  the social  increase equals to  zero,  under  the above 

condit ions,  the following important  equat ion holds  for  any a :  

 

 

Obviously the following inequali t ies  hold for  any a :  
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  At  that  t ime,  ( )4,4,2 +− + aaCoCSIR bb  shows what  proportion of  nat ives 

of  area 2 l ive in  the outside (i .e . ,  area 1)  a t  age a  to  a+4,  and 

( ) ( ){ }4,14, 4,14,1 +++ ++ aaCoCIRaaCoCSIR bbbb  shows 6  what  proport ion of 

res idents  in  area 1 are the nat ives  of  area 2 at  age a  to  a+4. 

  Moreover,  i f  the CoCSIR is  determined only by a  and i  and the native  

place populat ion is  determined only by i ,  namely,  i f  

( ) ( )4,4, 9,54, +=+ +++ aaCoCSIRaaCoCSIR bbibbi  and ( ) ( )14,1014,10 9,54, +++ = bbibbi pp  

for  any b ,  the migrat ion system between areas  1 and 2 reaches a 

s ta t ionary s ta te .  In other  words,  the migrat ion between areas  1 and 2  

becomes always constant .  

However,  even i f  ( ) ( )4,4, 9,54, +=+ +++ aaCoCSIRaaCoCSIR bbibbi  for  any b ,  

the  migrat ion system becomes unstable  if  ( )14,104, +bbi p  changes 

according b .  For example,  i f  a  baby boom occurs  in  year  b  to  b+4,  the 

nat ive place population concerning cohort  of bi rth year b  to  b+4 becomes 

much larger  than that  concerning any other  cohort .  Therefore,  when the 

baby boomers  grow to age 15-19 and age 20-24,  rural -to-urban migrat ion 

dominates ,  and thereaf ter  return migrat ion prevai ls .  Such change of  

migrat ion system is  thought  to  be caused by the effect  of  cohort  s ize .  

Meanwhile ,  also in the case that  ( ) ( )14,1014,10 9,54, +++ = bbibbi pp  for  any b  

and that  ( )4,4, ++ aaCoCSIR bbi  changes according b ,  the migrat ion system 

becomes unstable .  For  example,  s ince an economic boom general ly 

promotes  migrat ion,  especially rural -to-urban migrat ion,  i f  the boom 

takes place during year  b+19 to b+24 ( i .e . ,  when cohort  of  bi rth year  b  to  

                                            
6 The quotient  shows a  ratio  of  the social  increase to the sum of  i t sel f  

and the native place populat ion. 
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b+4 reaches age 15-19 and age 20-24) ,  ( )19,154,1 +bbCoCSIR  and 

( )24,204,1 +bbCoCSIR  are  expected to show higher  values than any other 

CoCSIR.  

These considerat ions suggest  that  the CoCSIR has a  potent ia l  to  detect  

the inf luence of  social  phenomena such as  baby and economic booms on  

the internal  migrat ion.  
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3.  Practical  Formulas of  the CoCSIR  

 

  This  chapter  compares  four  methods of  calculating or  es t imat ing the 

social  increase i s b , b + 4(5k ,  5k+4),  and through the comparison,  considers  

pract ical  mathemat ical  formulas  of  the CoCSIR.  

 

3-1.  Direct  Calculation  

  The s implest  and most  exact  method is  to di rectly calculate  the social  

increase i s b , b + 4(5k ,  5k+4) from the numbers of  in- and out-migrants .  In  

fact ,  however,  this  method is  scarcely adopted,  since i t  requires 

long-term exact  migrat ion s ta t is t ics  by area and by age class  and such 

s tat ist ics  can hardly be provided even in developed countr ies .  

 

3-2.  Residual  Method  

  If  we can obtain long-term exact  mortal i ty s ta t is t ics by area and by 

age class ,  we can est imate the social  increase i s b , b + 4(5k ,  5k+4) using the 

demographic  equat ion.  This  method is  referred to as  the res idual  method,  

expressed as  fol lows: 

 

 

 

Here ipb , b + 4(5k ,  5k+4) is  the populat ion of  area i ,  of  cohort  of  bir th year  b  

to  b+4,  and at  age 5k  to  5k+4; idb , b + 4(5k ,  5k+4) is the death population of 

area i ,  of  cohort  of  year  b  to  b+4,  and between age 5k−5 to 5k−1 and age 

5k  to  5k+4. 

( ) ( ) ( ) ( ) )2(45,515,5545,545,5 4,4,4,4, ++−−−+=+ ++++ kkdkkpkkpkks bbibbibbibbi
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  This  method is  less  exact  than direct  calculation because of  the 

problem on inconsistency between census and mortali ty s ta t is t ics.  

Moreover  i t  is  di ff icul t  to  obtain long-term mortal i ty s tat ist ics  by area 

and by age class  al though i t  is  not  as di fficult  as  the above migrat ion 

s ta t ist ics .  For  this reason,  the social  increase i s b , b + 4(5k ,  5k+4) is  usually 

es t imated using either of  the following two methods.  

 

3-3.  Life  Table Survival  Ratio Method  

  This  method l i teral ly ut i l izes  the survival  ra t io  of  l ife  table  data 

der ived from exact  mortal i ty s ta t ist ics .  Modifying equation (2) ,  we get  

equation (3)  in which the survival  ra t io  appears .  

 

 

 

 

In  equat ion (3) ,  var iable ( ) ( ){ }15,5545,51 4,4, −−+− ++ kkpkkd bbibbi  

corresponds to the survival  ra t io  of  area i .  The method assumes that  the 

ratio equals  that  of  the whole area including area i .  For  example,  i t  is  

assumed that  the rat io of  every prefecture is  the same as  that  of  the 

whole Japan. According to the assumption,  equation (3) is  transposed as 

fol lows: 
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Here W  i s  the set  of  al l  area numbers ,  in  other  words,  means the whole 

area including al l  areas ,  e .g.  the whole country i f  area i  means Prefecture, 

Province,  or  State .  If  substi tut ing survival  ra t ios  extracted from l i fe  

table  into the var iable in  parentheses  in  Equat ion (4) ,  we can obtain the 

social  increase. 

  Since the above assumption could induce an error,  this  method is  less 

exact  than the residual  method.  Never theless  this  method is  much more 

pract ical  than the above two methods because of requiring only l ife  table 

data  concerning the whole area W ,  and because of not requir ing any vi ta l  

s ta t ist ics  by area and by age class .  

 

3-4.  Intercensal  Survival  Ratio Method  

  The social  increase est imated through this method is ,  s t r ict ly speaking,  

di fferent  in  def ini t ion f rom that  through the above three methods.  The 

social  increase through the above methods is  based on al l  migrat ion 

regarding area i ,  whereas  that  through this method is  based only on the 

internal  migrat ion ( i .e. ,  the migrat ion between area i  and any other  area 

inside the whole area W) .  In  other  words,  the social  increase through this  

method is  not inf luenced by the external  migrat ion (i .e . ,  the migration 

between area i  and any other area outs ide the whole area  W) .  For  example,  

i f  the whole area is  a  country,  the external  migrat ion means internat ional 

migrat ion 7 .  It  i s  both an advantage and a  d isadvantage that  the social  

                                            
7  In some countr ies  such as  Japan,  the social  increase based on the 

internat ional  migrat ion is  extremely smal ler  than that  based on the 
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increase is  res tr icted to that  based on the internal  migrat ion,  whereas  i f  

we need to exclude the external  migrat ion f rom analysis ,  i t  i s  a  large 

advantage.  

  In  order  to  formulate  the intercensal  survival  ra t io  method,  we 

decompose the social  increase into two par ts  as  fol lows: 

 

 

 

Here ( )45,54,
INT ++ kks bbi  and ( )45,54,

EXT ++ kks bbi are components  

regarding the internal  migrat ion and the external  migrat ion, respect ively.  

  By subst i tuting equat ion (5)  into equation (2)  and modifying equat ion 

(2) ,  we get ,  

 

 

 

 

Par t  of  Equation (6) ,  ( ) ( ){ }15,5545,51 4,4, −−+− ++ kkpkkd bbibbi  corresponds 

to the survival  ra t io  of  area i .  The method assumes that  the rat io equals 

that  of  the whole area including area i .  According to the assumption,  

equation (6)  is  transposed as  follows: 
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  Meanwhile ,  if  substi tut ing equation (5)  into equation (2)  and summing 

up the both s ides  of  equat ion (2)  for  a l l  i  )( Wi∈ ,  the following equation 

is  der ived because of  ( ) 045,54,
INT =+∑

∈
+

Wi
bbi kks :  

 

 

 

 

Consequent ly,  by subst i tuting equation (8) into equat ion (7) ,  the social  

increase estimated through the intercensal  survival  ra t io  method is  

wri t ten in equat ion (9) .  

 

 

 

 

Equat ion (9)  shows one of three kinds of  the intercensal  survival  ra t io 

method 8 ,  i .e . ,  the forward method such that  a l l  migrat ion is  assumed to 

occur  immediately before the cohort  reaches age 5k  to  5k+4,  in shor t ,  

before the second census.  The f raction in the r ight  hand s ide means a  

cohort  change rat io of the whole area. 

According to equat ion (9) ,  i t  i s  obvious that  al l  required for 

calculat ion is  census data ,  and that  the social  increase is  res tr icted to 

that  based on the internal  migrat ion.  These facts  show that  the CoCSIR 

                                            
8  There are  the backward and average methods besides  the forward 

method.  
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defined through the intercensal  survival  ra t io  method is  the most  

versat i le ,  and especially in  the case of  focusing the internal  migrat ion,  i s  

reasonably avai lable .  

 

3-5.  Pract ical  Mathematical  Formulas 

Among the above four  methods,  only the di rect  calculat ion naturally 

does not  need a  pract ical  mathemat ical  formula.  As regards the other 

three methods,  i f  replacing i s b , b + 4(5k ,  5k+4) in equat ion (1)  by equat ions 

(2) ,  (4) ,  (9) ,  the practical  mathemat ical  formulas  are  given by equat ions 

(10) ,  (11) ,  (12) ,  respect ively.  
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Equat ion (10) ,  (11) ,  (12)  show the practical  mathemat ical  formulas  of the 

CoCSIR in the case of  using the residual method,  the l ife  table  survival  

ra t io  method and the intercensal  survival  ra t io  method,  respectively.  
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4.  Conclusion 

 

  This  paper  der ived the basic  mathemat ical  formula of  the Cohort  

Cumulat ive Social  Increase Ratio (CoCSIR) f rom i ts definit ion (equat ion 

(1)) ,  considered i ts  mathemat ical  propert ies ,  and showed i ts practical  

mathemat ical  formulas  (equat ions (10) ,  (11) ,  (12)) .  The CoCSIR is  a  

theoretical  measure to es t imate the long-term inf luence of  the social  

increase on an area, and shows what  proportion of  the native place 

populat ion of  the area conforms to the social  increase accumulated for 

the long term. The discussion in this  paper suggests  the versat i l i ty and 

avai labil i ty of  the CoCSIR as  ment ioned below. 

1)  The CoCSIR can be calculated for  any s ize of  area,  and if  using the 

pract ical  formula writ ten in equat ion (12) ,  requires  only census data 

by age class for  calculation.  Therefore the measure has an advantage 

especially for analyzing the populat ion of developing countries that  

are  not  providing smal l  area stat ist ics  and/or  exact  vi tal  s ta t is t ics .  

2)  The CoCSIR has a potentia l  to detect  the inf luence of social  

phenomena such as baby and economic booms on the internal  

migrat ion. 

3)  The pract ical  formula wri t ten in equat ion (12)  is  reasonably avai lable 

especially in  the case of  focusing the internal  migrat ion, because of 

res tr ic t ing the social  increase to that  of  the internal  migrat ion. 
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