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Abstract 

  The purpose of  this  paper  is  to propose a  new method of est imat ing 

smal l  area demographics  using population potential  developed by Stewart  

(1947) .  The new method has  the fol lowing features  di fferent f rom 

previous methods:  f irst ,  i t  sufficiently ut i l izes  posi t ion data;  secondly,  i t  

does  not  require specific  dist r ibution for or iginal  data;  thirdly,  new 

est imators  obtained through i t  can easi ly be calculated.  This paper 

presented eight formulas to calculate new estimators and applied two 

formulas  of  them to actual  data .  The result  of  applicat ion shows that  the 

new method is  effective in smoothing s imilar ly to a  previous method.  
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1.  Introduction 

 

  Since smal l  area demographics  are  general ly unstable ,  some methods 

of  est imat ing true values  of such data  have been developed chief ly by 

s ta t ist icians  and demographers  (e .g.  Tanba 1988) . Most  of  previous  

methods basically take a  form of  smoothing by using data  of  adjacent  

smal l  areas .  These previous methods,  however,  have the following several  

problems:  (1)  do not  suff ic ient ly uti l ize  posi t ion or  coordinate  data  of 

adjacent  areas;  (2)  can be used only under the specif ic  condit ions;  (3)  

require  complicated calculat ion procedures .  In order  to  solve these 

problems,  this  paper  proposes  a new method of  es t imat ing smal l  area 

demographics  using populat ion potent ia l  developed by Stewart  (1947) . 

  Populat ion s ta t is t ics  used in previous studies  are  quotients  of two data 

(mortal i ty rate ,  e lderly populat ion rate ,  cohort  change rate ,  chi ld-woman 

ratio,  proport ion of  workers  by industry,  and so on) .  For  that  reason,  this 

paper  also handles  such quot ients .  Although smal l  area demographics 

general ly indicate s tat ist ics  of  areas smal ler  than municipali t ies ,  this  

paper handles not only such s tat is t ics but  also s tat is t ics  of  areas  s imilar 

or  larger  size  of  municipal i t ies .  

  This  paper  presents  the simplest  previous method in Chapter  2,  

proposes  a  new method in Chapter  3,  confi rms  the avai labil i ty of  a  new 

method in Chapter  4 by est imat ing demographics  from actual  data  using 

the method,  and describes  conclusion in Chapter  5. 
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2.  The Simplest  Previous Method 

 

  The simplest  previous method is  to calculate  an average value of  

demographics  of  the neighborhood including an area to be an object  of 

es t imat ing.  This  method is ,  as  i t  were,  to  take a  spat ial  moving average,  

which corresponds to the s implest  method of  spat ia l  f i l tering in image  

processing.  

Let  ix   be  demographics  of  object  area i ,  es t imator ix   of  ix   i s  

expressed as  the fol lowing equat ion: 

 

 

Here iV  i s  a  set  of  area numbers  selected according to a  cri ter ion such 

as  to  be adjoining to area i ,  to  be located within a  constant  dis tance f rom 

area i ,  and to belong to a  municipal i ty common to area i ,  including i  in  

any case;  in  i s  the number  of  e lements  of  iV .  In  a  word,  iV  means the 

neighborhood of  area i .  

Figure 1 shows a  sample of  the relationship between an object  area and 

the neighborhood of  i t .  

 

 

 

 

 

 

 

Figure 1 An Object  Area and the Neighborhood of  it  
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In  Figure 1,  each cel l  shows a  smal l  area;  the dark-toned cell  indicates 

an object  area;  the dark-toned and l ight-toned cel ls indicate  the 

neighborhood;  each integer  means the area number.  In this  case, 9=in  

and { }11,10,9,1,,1,9,10,11 ++++−−−−= iiiiiiiiiVi .  
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3.  Proposal  of  a New Method 

 

  After  describing the fundamental  idea of  a new method in Sect ion 3-1,  

this  chapter  int roduces the concept  of  populat ion potent ial  in  Section 3-

2,  which is crucial ly important  in proposing the method.  Fur thermore this 

chapter  der ives  basic ( in Sect ion 3-3)  and applied ( in Sect ion 3-4)  

formulas  from the above fundamental  idea. 

 

3-1.  Fundamental  Idea of  a New Method 

The reason why,  when estimat ing demographics  of  an object  area,  we 

use sta t ist ics  of  i t s  neighborhood is that  there  is a  universal  principle ,  

namely,  “ the demographics approximate those of  an area located more  

closely to the object  area.”  In addi t ion,  i f  i t  i s  the same dis tance f rom the  

object  area,  the demographics  approximate those of a  more populated area. 

A new method proposed in this  paper  is  to  es t imate the true value f rom a  

weighted moving average based on the above two principles .  

Consequent ly the weight  becomes larger  when closer  and more 

populated,  and just  matches the concept  of  populat ion potential .  This  is  

because population potential  i s  crucial ly important  in  a  new method.  

 

3-2.  Introduction of  Populat ion Potential  

  Populat ion potential ,  which is  developed by Stewart  (1947) , means the 

amount  of  population energy act ing on an area f rom the neighborhood of 

i t .  Let  ije  be  populat ion energy act ing on area  i  f rom area j  and iE  be  

populat ion potent ia l  of  area i ,  
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The var iable  ije  corresponds to the above-ment ioned weight  and i t  i s  

given by equat ion (3) .  

 

 

Here k  is  a  constant ;  ip ,  and ia  indicate  populat ion and size of  area i ,  

respectively;  ijd  denotes  the dis tance between areas i  and j .  

 

3-3.  Derivation of  Basic  Formula 

This  sect ion derives  a  basic  formula from equation (3) .  Let ix   be 

demographics  of  object  area i  and ix̂  be  an est imator  of  ix ,  

 

 

 

 

Subst i tuting equation (3)  into equation (4) ,  we obtain 

 

 

 

 

Fur thermore,  assuming that  iii pqx =  ( iq   i s  populat ion of  area i ,  

d i ffer ing from ip  ,  e .g.  death population and elderly populat ion) ,  

equation (5)  leads equat ion (6) .  
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Equat ion (6)  is  the basic  formula of  a  new method.  

 

3-4.  Derivation of  Applied Formulas 

  The basic  formula needs a  lot  of  dis tance data  between al l  combinat ions 

of  smal l  areas  and requires  complicated numerical  calculat ion even i f  

obtaining such dis tance data .  Thus this  sect ion der ives  three appl ied 

formulas  by modifying the basic  formula (equat ion (6)) .  

3-4-1.  Applied Formula 1 

  Fi rst ,  we assume that  1)  both of  areas  i  and iV  take forms of  a  precise  

ci rcle ,  2) population density shows uniform dis t r ibution both in area i  

and in the donut-shaped area which generates  by removing area i  f rom 

area iV  (Figure 2) .   

 

 

 

 

 

 

 

 

 

 

Figure 2 Positional  Relationship between Area i  and the Donut-shaped 

Area 
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Secondly,  we define several  var iables  on area iV   as  the following 

equations: ∑
∈

=
iVj

ji pP ,  ∑
∈

=
iVj

ji qQ ,  ∑
∈

=
iVj

ji aA .  At that  t ime,  population  

energy act ing on the center  of  area i  from area i  and from the donut-

shaped area are  wri t ten in equat ions (7)  and (8) ,  respectively.  

 

 

 

 

 

 

Meanwhile ,  as  demographics  jx  of  area j  const i tuting the donut-shaped 

area become constant  regardless  of  j ,  expressed as  ( ) ( )iiii pPqQ −−  

(a l though being dependent  on  i ) ,  equation (4)  is  t ransformed into 

 

 

 

 

Equat ions (7)  and (8)  mean the weights  of  moving averages,  
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≠∈ ijVj
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i

e
,

  in  equat ion (9) ,  respectively.  

Therefore we can obtain the following equation: 
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Equat ion (10)  reduces to  the applied formula 1 as  fol lows: 

 

 

 

3-4-2.  Applied Formula 2 

  The applied formula 1 requires  size  data of  areas  i  and iV ,  and those 

data  are  not  a lways at tached to population s ta t is t ics .  Thus we make an  

assumption such that  population densi ty of  the neighborhood (area iV  

including area i )  shows a uniform dist ribution,  that  i s ,  iiii APap = ,  and 

then t ranspose equat ion (11)  into the appl ied formula 2a (equation (12)) .  

 

 

 

At  that  t ime,  the equat ion (12)  leads to the appl ied formula 2b (equat ion 

(13)) .  

 

 

 

Because of  1=
+

+
+ ii

i

ii

i

Pp
P

Pp
p

,  equat ion (13)  means that  est imator 

ix̂  becomes the weighted average of  demographics  ii pq  of  area i  and 

demographics  ii PQ  of  area iV .  

  Fur thermore,  assuming that  iV  i s  f ixed regardless  of  i  and expressed 

as  V  (e .g.  V  shows a  municipali ty including al l  smal l  areas),  iP  and 

)11(ˆ
iiii

iiii
i aPAp

aQAq
x

+

+
=

)12(ˆ
iiii

iiii
i pPPp

pQPq
x

+

+
=

)13(ˆ
i

i

ii

i

i

i

ii

i
i P

Q
Pp

P
p
q

Pp
p

x ⋅
+

+⋅
+

=



10 
 

iQ  become constant  given by P ( ∑
∈

=
Vi

ip )  and Q ( ∑
∈

=
Vi

iq ) ,  respectively,  

and PQ  becomes a  weighted average of  ii pq .  Accordingly,  equat ion 

(13)  is  rewrit ten in the applied formula 2c (equation (14)) .  

 

 

 

In  equat ion (14) ,  i f  iq   indicates e lderly population of  smal l  area i ,  

ii pq   and PQ   mean elder ly population rates  of area i  and of  the 

municipal i ty including area i ,  respect ively;  es t imator  ix̂   becomes the 

weighted average of  the two rates;  and the weight  is  given by the  rat io of 

the root  of  populat ion to the sum of  the roots  of  population.  As a resul t ,  

the applied formula 2c shows a  numerical  form similar  to  the Empir ical  

Bayes Est imator  (EBE) or  Stein-type shr inkage Est imator  (SE) 

(Shinozaki  1991) ,  al though the weight  is  changeable  dependent on i ,  in 

di fference f rom that  of  EBE and from that  of  SE. 

3-4-3.  Applied Formula 3 

  Another  es t imator  can be obtained by reciprocal  transformat ion of  the 

est imator  of ii qp  (= the inverse of  ii pq ) .  The estimator  of  ii qp  i s  

calculated similarly to that  of ii qp ,  i f  not  ip  but  iq  i s  considered as 

populat ion energy.  We can easi ly derive the another  est imator  f rom the  

appl ied formula 2 (equat ion (12)) ,  by interchanging ip  and iq  as  wel l  

as  iP  and iQ ,  and by taking the inverse of  the formula.  As a  resul t ,  the 

es t imator is  calculated by the fol lowing equat ion,  which gives  appl ied 

formula 3a. 
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Similar ly to the applied formula 2a,  equat ion (15)  can be t ransposed into 

the two applied formulas  3b (equat ion (16))  and 3c (equat ion (17)).  
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4.  Applicat ion of  a New Method 

 

  This  chapter  examines the avai labi l i ty of  a  new method proposed in 

this  paper  by applying the method and previous one to the same data ,  and 

by comparing them to  each other.  Three kinds of  est imators  are  used for 

examinat ion.  One is  the Empir ical  Bayes Est imator  (EBE) based on 

Poisson-Gamma model ,  which has  been widely adopted in es timat ion of 

mortal i ty (Tango 1988);  the others  are  new est imators  calculated by the 

appl ied formulas  2c and 3c.  There are  three large differences between 

EBE and new est imators .  Fi rs t ,  EBE does not  ut i l ize  posit ion data  a t  a l l ;  

never theless  new est imators  ut i l ize  such data .  Secondly,  EBE ( in the case 

of  Poisson-Gamma model)  requires  that  population depends on Poisson 

dis tr ibut ion;  never theless  new estimators  do not  require  such dist r ibut ion. 

Thirdly,  new est imators  can more easily be calculated than EBE. 

  Data  used for  examination are  SMR (standardized mortal i ty rat io)  on 

female death of  gast ric  cancer  in  Sai tama Prefecture  by municipal i ty in 

1995-99,  calculated by Kubokawa (2013) .  Table 1 shows the resul t  of 

computat ion.  In this table ,  four  columns on the lef t -hand s ide are 

Kubokawa’s  or iginal  data  and the other  two columns are  data  added newly 

to them. Expected death populat ion means the number  of dead persons 

est imated on assumption that  the mortal i ty of  each municipal i ty equals  to 

that  of  whole Sai tama.  SMR is  the ratio  of  actual  death populat ion to 

expected death populat ion and the weighted average of  SMR is  just  100.0 

in theory.  Al l  data  of three columns (EBE, appl ied formula 2c,  appl ied 

formula 3c)  indicates  es t imators  of  SMR. 
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  According to Table 1,  every est imator is  approaching more closely to 

100.0 than SMR and therefore every type of  es t imat ion has  a  remarkable  

tendency to smooth the var iat ion of SMR. This  suggests  that  the new 

method is  effective s imilar ly to a  previous method ( i .e .  the empir ical 

Bayes method) ,  a t  least  in  smoothing.  The intensity of  the smoothing,  

however,  i s  much different  among them.  Est imat ion by the appl ied 

formula 2c smooths the var iat ion of  SMR more intensely than the 

empir ical  Bayes method.  Est imat ion by the appl ied formula 3c smooths 

i t  most  intensely and reduces the range of SMR to less than 4.0.  Such 

s t rong smoothing has  both an advantage and a  disadvantage,  a l though 

par ticularly es timat ion by the appl ied formula 3c gives  us  an impression 

of  excessive shrinkage.  The advantage is  to  avoid yielding an  

extraordinary value especially in  the case that  an estimator  should be 

i teratively used l ike a  cohort  change rate  in  long-term population 

projection.  The disadvantage is  to  possibly lose the true var iat ion of 

or iginal  data .  As regards such advantage/disadvantage, more 

mathemat ical  discussion is  beyond the scope of  a  working paper  and 

fur ther  considerat ion wil l  be needed. 
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Table 1 Female Mortal i ty of  Gastric  Cancer in Saitama Prefecture 

by Municipali ty,  1995-99 
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5.  Conclusion 

 This  paper at tempted to propose a new method of  est imat ing smal l  area 

demographics  using populat ion potentia l .  The new method consis ts  of 

e ight  formulas  (basic  formula and applied formulas  1,  2a,  2b,  2c,  3a,  3b, 

3c) .  This  paper  appl ied two of  those formulas  and the Empir ical  Bayes 

method to actual  data of  SMR in order  to  compare them and to confirm 

the avai labil i ty of  the new method.  The results  of  applicat ion are 

summarized as  fol lows: 

1)  Both types of  est imat ion by the two formulas  are  effective in 

smoothing s imilar ly to  the previous method;  

2)  est imat ion by the appl ied formula 2c smooths the variat ion of  SMR 

more intensely than the previous method; 

3)  est imat ion by the appl ied formula 3c smooths i t  most  intensely.  

These facts  enable  us to  conclude that  the new method has  both an 

advantage and a  disadvantage:  the former  is  to avoid yielding an 

extraordinary value especial ly i f  an estimator  should be i teratively used; 

the la t ter  is  to  possibly lose the true variat ion of  or iginal  data .  Fur ther 

s tudies  are  needed to evaluate  them mathemat ically.  
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